We present a model for evaluating the specific heat of lattice spin systems. It is based on the knowledge of high-temperature series expansions, the total entropy of the system and the low-temperature expected behavior of the specific heat as well as the ground-state energy. By the choice of an appropriate variable (entropy as a function of energy), a stable interpolation scheme between low and high temperature is performed. Contrary to previous methods, the constrain that the total entropy is log(2S + 1) for a spin S on each site is automatically satisfied. We present some applications to Heisenberg models on two-and three-dimensional lattices.
Introduction
The accurate knowledge of thermodynamics quantities in quantum magnets is an important issue from the experimental point of view. It allows to determine precisely exchange energies J from experimental data or to identify possible deviations from a given model (example: next-nearest neighbor interactions, multiple-spin exchange contriubutions [1] , anisotropies). In this paper we propose a simple method to compute the heat capacity from a high-temperature expansion. Numerous techniques have been developped to study thermodynamical singularities from power series expansions [2] . However, in this work, the point of view is slightly different. We mainly focus on the computation of the heat capacity for systems without phase transition at T > 0, and try to evaluate c v (T ) accurately in the largest possible temperature range. We deviced a two-point Padé-like interpolation on a particular function, namely the entropy as a function of energy, which enables to satisfy the energy and entropy sum rules obeyed by c v (T ). These two constrains are non-local in temperature and improve significantly the convergence of standard Padé approximations.
Before describing the method itself, let us briefly review some commonly used methods to investigate thermodynamics properties of spin systems.
High-temperature series expansion is the usual approach to evaluate the strength of microscopic interactions from experiments. Thermodynamic quantities such as magnetic susceptibility χ or specif heat c v are expanded in power of β = 1/T . Nowadays computers do not allow to compute more than about 20 terms for quantum systems 1 . When analysed through (differential) Padé approximants, high-temperature series give reliable results for T greater than the typical magnetic exchange energy of the model. When the low-temperature form of a given quantity is known, Padé approximants can be improved to reproduce the correct assymptotic behavior. However, this approach hardly permits to investigate temperature much below J (for an example with c v (T ) of the triangular Heisenberg antiferromagnet (AF), see [5] ). In some cases, a detailed understanding of the low-energy regime allows to construct biased approximants and to compute thermodynamics in a larger temperature range (see for instance [7] for the magnetic susceptibility of square-and triangular-lattice ferromagnets). Another series approach to thermodynamics is the finite-cluster-expansion. This expansion in powers of the coupling constant may, in some cases, allow to go to lower temperature (S = 1 2 and S = 1 Heisenberg antiferromagnetic chains [11] and the square lattice antiferromagnet [12] ).
Finite-size calculation. The previous approaches are exact at high temperature but do not satisfy the sum rule that the total entropy is ln(2S + 1). Another point of view is to compute the heat capacity of a finite system. This can be done from the exact spectrum of a small cluster of spins, and then compute the partition function by summing over all eigenstates (example: spin-1 chain [14, 15] ). A direct finite-temperature lanczös algorithm can also be performed [3] , as well as transfer matrix techniques. These techniques automatically give the correct entropy, but they are limited to small systems (N ≤ 36) and finite-size errors may be diffcult to control.
Quantitative extrapolations to N = ∞ of finite-size c v,N (T ) data have been done in spin chains but are not really efficient at low temperatures. It has been applied to spin chains [13, 15, 16, 17] and the triangular antiferromagnet [18] . Power-law behaviors at low temperature cannot be observed due to the important discretization of the low energy spectrum in a small system. Quantum Monte-Carlo simulations can reach a rather large number of spins for not frustrated systems (as the square lattice [20] ). These calcultaions reproduce the correct high-temperature behavior (up to small statistical errors) but cannot reach the very low temperature regime. This technique is one of the most efficient in studying thermodynamics properties but it requires important numerical effort and is limited to small systems when 1 For the heat capacity, here are some of the available series: Order β 21 for the Heisenberg spin-
chain [35] . Order β 20 for the Heisenberg spin-1 chain [9] . Order β 12 for two-and three-led ladders [4] . Order β 14 for square, triangular, simple cubic, bcc and fcc lattices [19] . Order β 16 for the Heisenberg model on the Kagome lattice [6] . Order β 6 for the J 2 − J 4 − J 5 multiple-spin exchange model on the triangular lattice [1] . Numerous series for classical Ising-like models are also available in the literature. the model contains frustration.
We propose a simple method to compute the heat capacity. We describe a new kind of high-temperature series analysis. In contrast to the methods mentionned above, our procedure gives a c v (T ) which satisfies ln(2S + 1) = ∞ 0 c v (T )/T dT exactly. Moreover, our method incorporate a low-energy information about the system: the value of the groundstate energy e 0 . In addition, the low-temperature behavior of c v (T ) can be taken into account. As a consequence, within this model, the heat capacity satisfies two exact sum rules. For quantum spins S we have:
The Hilbert space has a finite dimension at each site, the spectrum is bounded from above and below: energies per site e 0 and e m at zero and infinite temperature are finite. They are often known, or can be computed numerically.
We claim that the implementation of these integral constrains increases in a significant way the range of validity of the series. 
Definitions
For simplicity, we discuss the case of a quantum spin- 
where the sum runs over the first nearest neighbors.
In the canonical ensemble, the energy per site e and the entropy per site s are functions of temperature T = . Since e is a monotonic function of T , we can express s as a function of e itself rather than of temperature. The specific heat as a function of temperature is easily expressed with s(e) in the following way. The entropy s(T ) obeys:
So, we get:
where the prime is the derivative with respect to e. Since
, we have:
We use this relation to calculate c v :
Eqs. (6) (7) (8) are the basic relations that we shall use here. Another derivation of these relations can be obtained by considering the density of states of a large but finite system. s(e) is defined inside an interval going from the ground-state energy e 0 up to the hightemperature energy e m . e m is just the free spin average of the energy, which is obtained straightforwardly since, at infinite temperature one has S i · S j = 0. For Eq. (3), one simply gets e m = 0. If the ground state |0 is ferromagnetic (J < 0 in Eq. (3)), one has 0| S i · S j |0 = 1 and e 0 = J z 2
for a Bravais lattice of coordination number z. However, for antiferromagnetic models, e 0 is not known exactly but Monte-Carlo simulations, exact diagonalizations or analytical calculation (spin-wave etc) can be used. In summary, the function s(e) is defined in the interval [e 0 , 0] (e 0 < 0), is a increasing function of e (β > 0), with a negative curvature (c V > 0), starting at 0 in e 0 with an infinite slope, and finishing at ln(2) in 0.
We now wish to find an approximation of s(e). For this purpose, we combine three types of exact informations on s(e):
a) The entropy per spin is ln(2) at infinite temperature:
Moreover, the entropy vanishes at zero temperature and we have
In principle, an exponential ground-state degeneracy would give a non-zero entropy at T = 0. It is not the case in the models we study here (except, maybe, in the Kagome-lattice antiferromagnet [24] ).
3 Let ρ N (E) be the density of states of a large system with N sites. In the microcanonical ensemble, when the energy per site is e = E/N , the entropy is proportional to s(e) = 1 N log ρ N (E = eN ). A saddlepoint expansion of the partition function Z(β) = ρ(E)e −βE dE when N → ∞ gives Eq. (6) and a free energy density:
b) The high temperature behavior of c v (T → ∞) is known from high-temperature series.
From this expansion of c v (T ) in powers of 1/T , we get the expansion of s(e) in the vicinity of e → e m = 0 in powers of e. For instance, if, up to order 1 T 3 , we have:
Then, from Eq. (8), we obtain:
Further approximations can be used in order to verify the high temperature (HT) expansion of c v (T ). More precisely, the knowledge of c v (T ) up to order 1/T n gives the taylor expansion of s(e) up to order e n .
c) When the low energy physics of the model is understood, the low-temperature limit of the specific heat can often be predicted. In the case where the system exhibits some ferro-or antiferromagnetic long-range order at zero temperature, the low-lying excitations are spin waves. These gapless modes give a low-temperature heat capacity which is a power law. In such a case, we have:
This low temperature behavior translates into a behavior of s(e) about the groundstate energy per site e 0 . s(e) ∼ (e − e 0 ) p p+q (14) We now define the interpolation procedure. We use a transformation on s to obtain a polynomial form in the whole interval. This is possible when p and q are two integers (but other low-temperature form will be used for thermally activated c v in gapped systems). We define a function G(e) as:
This function now behaves as (e − e 0 ) p when e goes e 0 (T → 0) and as (ln (2) α (1 − e 2 α/(2a 2 ln (2)) when e goes to 0 (β → 0), where α = p + q. Restricting the functions G to be of Padé form, one gets a general expression as:
where P ade [u,d] Heisenberg model on the triangular lattice with a ferromagnetic coupling, we have ν = p = q = 1, a 2 = 9/4, e 0 = −3/2. We find 
with the condition
All these interpolation schemes will fail when one of the functions G(e), s(e), s ′ (e),−s ′′ (e) becomes negative in the interval. This provides a natural selection criterium for the Padé approximants.
The convergence of this approach is due in part to the well behaved polynomial function s(e) = i a i e i at high temperature (small e). Indeed, the coefficients a i decrease for large i. Thus contrary to the raw expansion of c v (T ), the expansion of s(e) seems to converge for e of the order of 1.
3 Low-temperature power-law behavior of c v (T → 0)
This spin problem can be solved exaclty (the Jordan-Wigner transformation maps the XY model to free spinless fermions). It provides a check for a gapless spectrum. The energy per site at T = 0 (resp. at T → ∞) is e 0 = − 2 π (resp. e m = 0). The heat capacity is given by an integral [21] :
From this formula, the high-and low-temperature expansions can be computed. We find:
The linear law at low temperature gives p = q = 1 in Eqs. (13) (14) (15) (16) ). The figure 1 shows the comparison between the exact c V (T ) and the ones obtained from tha Padé approwimants. We find that the prefactor of T converges to a value a few percents less than the exact value. In this case, this discrepency might be due to the very perticuliar analytical form of the specific heat owing only odd powers of T at low temperatures and even ones at high temperatures. Accounting for this general property will certainly improve the convergence.
Triangular lattice Heisenberg models
First, we test the convergence of this method on the ferromagnetic triangular lattice, a case where the exact answer is unknown. Two of them have a singularity ( [10, 3] and [4, 9] ). If we except the polynomial form (d = 0) and the cases d > 10, all interpolations lead to the same variations of c v (T ) in the whole range of temperature. It is remarkable to see that the coefficient of the dominant term at low temperature depends weakly on the interpolation function used. Indeed, only the power of T is imposed, but the prefactor is not. We get c v (T ) ∼ .140(5)T .
In Fig. 3 .a and Fig. 3 .b, we see now how this method converges when more terms are added in the HT expansion. (20) This model is the simplest one with a gapped spectrum. It allows tp check the convergence of our method to the exact result in the case of a low temperature activated heat capacity. The energy per site at T = 0 (resp. T = ∞) is e − 0 = −1 (resp. e m = 0). The specific heat per particle is given by c V (β = 1/T ) = (β/ cosh(β))
Square lattice Heisenberg models
2 . The HT-expansion starts as c V (β = 1/T ) ∼ β 2 − β 4 + . . ., while the spectra has a gap of 2 (c V (β → ∞) ∼ β 2 exp(−2β)). We only use the existence of a gap ∆ by enforcing for e ∼ e 0 :
s(e) ∼ −(e − e 0 ) log(e − e0)/∆
We choose the transformation G(e) = (
, where now u + d = O − 1 (O is the HTE order). The Padés [1, 1] and [1, 2] (HTE at order 3) coincide for all temperature and differ from the exact result by less than one percent. The gap is found to be 1.98 Figure 5 : Top: comparison between the exact and the specific heat obtained from the second and third order HT -approximation for the specific heat. Bottom: difference between exact and the approximations. Table 1 : Parameters used for the interpolation of G(e) (Eq. (16)). dim is the dimension of the lattice. J the coupling constant in the Hamiltonian (Eq. (3)), HT-O is the highest known order of the HT expansion of the specific heat, e 0 is the ground state energy per particle, e m is the mean energy at infinite temperature, C V (T ) ∼ T p/q at low temperature. 
One-dimensional spin-1 Heisenberg model
It is known that this system exhibits a spin gap (Haldane phase) and the heat-capacity is thermally activated. More precisely, a non-linear sigma model approach [10] gives:
The value of the ground-state energy and spin gap is known very accurately (from the density-matrix renormalization-group calculations done by White and Huse [29] ) to be e 0 = −1.401484038971(4) and ∆ = 0.41050 (2) . We use the high-temperature series data obtained up to order 20 by Elstner, Jolicoeur and Golinelli [9] . We apply the same transformation as with the 1D Ising model. 
Three-dimensional Heisenberg models -Phase transitions
Now we address cases where phase transition can occur. Fig. 7 shows the variations of the specific heat for the ferromagnetic simple cubic and bcc lattices. All non diverging Padé obtained from HT-expansion at order larger than 8 are plotted. It it remarkable that they all present a peak around the same values. For the sc lattice we get T c = 1.48(5), a value smaller than previous estimate (T c = 1.68(1) [19] ). Around the peak, we do not have a real supperposition of the Padés as for the previous cases. But we emphasis that no input concerning phase transition has been used in our interpolation procedure. Including further constraints to account for the transition may certainly improve the method. For the bcc lattice, we find two families of solutions. The first one gives a dispersion of curves with a maximum of 1.2(2) at T c ∼ 2.2(1). The second family fall almost on the same curve with a maximum of 7.5 at T c = 2.37. For both families, the critical temperature is lower than other estimate (T c = 2.52(1) [19] ).
We can understand how a phase transition appears in the function s(e). A divergence in c v (T ) occurs when s ′′ (e) vanishes. At the same time s ′ (e) becomes almost constant. In fact the HT-expansion of s(e) may contain already such a transition as in the case of the sc lattice (see Fig. 8 ).
In order to reach the low-T behavior without changing the sign of its curvature, one has this almost linear variations between e = −0.9 and e = −1.2 which leads to an almost Fig. 7 for the kagome lattice. The ground-state energy has been computed by exact diagonalization on finite systems [34] : e 0 − e m = −0.86 (5) .
vanishing second derivative. Of course, the shape of this minimum as well as its value are only indicative. Assuming a converged s(e) from the HT-expansion downto e = −0.9, one can estimate the peak in the specific heat for β ≃ 0.6 which is off only by ten percents.
Kagome lattice antiferromagnetic Heisenberg model
The low energy spectra of the kame lattice model present a large number of singlet state before the first spin 1 state [33, 34, 24] . No order has been found and the low-T behavior of c V (T ) is still not settled. From the HT-expansion, known up to order 16, and Padé approximants it is found a converged high-T peak with about 60 percent of the total entropy [36] . The missing entropy implies the existence of some low-T structure in the specific heat. With a T 2 law, we found a large dispersion of curves. On the contrary, with a linear law, we found at least two equivalent Padé at each order(see Fig. 9 ). A low-T peak is found even if no convergence insured. Order 16 and 15 lead to the same variations, but lower order curves show that two consecutive impair-pair order pades provide very similar variations. This case is particular as the HT-expansion of s(e) seems converged down to e 0 . Then, all main variation of this function are squized at very low energy around e 0 . Contrary to other cases, the Padé functions have now larger and larger values. It is thus possible than the low-T missing entropy is pushed to T = 0. Having more terms in the HT-expansion might not help in this case.
Conclusions
From the entropy per spin as function of the energy per particle s(e), we expressed the specific heat in a way that preserves important sum rules. The low-and high-temperature behavior can be translated in this function and an interpolation scheme based on Padé approximant is then introduced. This method seems to work remarkably well for low dimensional systems where no finite-temperature phase transition occurs. Work is in progress to apply this technique to some solvable models: spin- 1 2 Heisenberg chain, XY model in transverse magnetic field, exaclty dimerized antiferromagnet. The application of this method to critical systems (three dimensions) gave sharp peaks in the heat capacity without imposing any singular behavior. Further work is needed to determine to what extend the sum rules can improve quantitatively the evaluation of heat capacities around critical temperatures.
